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1. Introduction
Fix a prime number p and let G be a p-solvable finite group. Next, let B be a p-block
of G with defect group D and call B˜ , the Brauer correspondent of B in NG(D). Then, with
[2, Theorem 2.1] in mind, Okuyama [15, Theorem 4.1] has shown that B and B˜ contain
equal numbers of irreducible Brauer characters of height zero.
Now let N be a normal subgroup of G and let b be a p-block of N. Assume B covers b.
Following M. Murai [12, Section 2], a defect group Q of B is called an inertial defect
group of B provided that it is a defect group for the Fong–Reynolds correspondent of B in
the inertial group T of b in G.
Let ϕ be an irreducible Brauer character belonging to b. Write IBr(B|ϕ) for the set of
irreducible Brauer characters in B lying over ϕ. Also, denote by IBr0(B|ϕ), the set of all
those elements in IBr(B|ϕ) of height zero. In view of [12, Theorem 4.4(ii)], IBr0(B|ϕ) = ∅
if and only if ϕ is of height zero and is Q-stable for some inertial defect group Q of B.
The main purpose of this paper is to prove the following generalization of the above
mentioned theorem of Okuyama.
Theorem. Let N  G, where G is p-solvable and let B and b be p-blocks of G and N
respectively such that B covers b. Call T the inertial group of b in G and let D be an
inertial defect group of B . Let ϕ be any irreducible Brauer character belonging to b. If B̂
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|⋃t∈T IBr0(B̂|ϕt )|.
2. Relative π -blocks
One important ingredient we will use to prove the main theorem is the concept of a
relative p-block as defined in [8,9]. The present section serves two purposes. First we give
a brief review of the notion of a relative p-block and related concepts, and then prove a few
results on relative p-blocks needed in the next section. For the sake of generality, instead
of working with a single prime, we will work instead with a set of prime numbers.
Throughout this section we fix a set π of primes and a π -separable finite group G.
Following Isaacs [6, Section 5], the restriction χ0 of an ordinary character χ of G to the
set of π ′-elements of G is called a π ′-partial character of G. Moreover, χ0 is said to be
irreducible if it cannot be written as a sum of two π ′-partial characters and we write Iπ ′(G)
for the set of irreducible π ′-partial characters of G.
In the case where π consists of a single prime p, Iπ ′(G) coincides with the set IBr(G) of
irreducible Brauer characters of G, and more generally the irreducible π ′-partial characters
behave as π -generalizations of the irreducible Brauer characters. In particular, for any χ
in the set Irr(G) of ordinary irreducible characters of G, there are uniquely determined
nonnegative integers dχψ such that χ0 =∑ψ dχψψ , where ψ runs through Iπ ′(G).
For ψ ∈ Iπ ′(G), it is clear that there exists χ ∈ Irr(G) such that ψ = χ0. However, χ
is not uniquely determined in general. Nevertheless, Isaacs [4] has canonically constructed
a subset Bπ ′(G) of Irr(G) such that the restriction map χ → χ0 defines a bijection from
Bπ ′(G) onto Iπ ′(G).
For the remainder of this section we let N  G and μ ∈ Bπ ′(N). The characters χ ,
χ ′ ∈ Irr(G|μ) (the set of characters in Irr(G) lying over μ) are said to be linked if there
is ψ ∈ Iπ ′(G) for which dχψ = 0 and dχ ′ψ = 0. The equivalence classes defined by the
transitive extension of this linking are called relative π -blocks of G with respect to (N,μ),
and the set of these relative π -blocks is denoted by Blπ (G|μ). (See [9].) Note that the
relative π -blocks of G with respect to (〈1〉,1〈1〉) are exactly Slattery π -blocks of G as
defined in [16]. Also, for any Slattery π -block B of G satisfying B ∩ Irr(G|μ) = ∅, one
can easily see that B ∩ Irr(G|μ) is a union of some relative π -blocks in Blπ (G|μ). We
should also mention that a notion of defect groups of a relative π -block in Blπ (G|μ) is
defined in [9, Section 4] and that this definition agrees with that in [17, Definition 2.2] of
defect groups of a Slattery π -block when N is trivial.
Let B ∈ Blπ (G|μ). We write Iπ ′(B) for the set of π ′-partial characters ψ ∈ Iπ ′(G) of
the form ψ = χ0 where χ ∈ B . Then it is obvious that Iπ ′(B) ⊆ Iπ ′(G|μ0), the set of φ ∈
Iπ ′(G) for which μ0 is a constituent of φN . Also, if θ ∈ B , then there is λ ∈ Bπ ′(G) with
dθλ0 = 0. By [9, Lemma 3.3], λ ∈ Irr(G|μ) and hence λ ∈ B , as dλλ0 = 1 = 0. Therefore
λ0 ∈ Iπ ′(B) and consequently Iπ ′(B) = ∅.
Let ω be a π ′-partial character of some subgroup H of G. Then the induced object ωG
can be defined using the usual formula for induced characters, but applying it only to π ′-
elements. For any character α of H with α0 = ω, we have (α0)G = (αG)0 and hence ωG
is a π ′-partial character of G.
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group K of G for which there exists β ∈ Iπ ′(K) such that βG = ψ and β(1) is a π ′-number.
(See [7, pp. 341 and 346].) By [7, Theorem B], such a subgroup K always exists and
the vertices of ψ form a single conjugacy class of subgroups of G. When π = {p}, then
ψ ∈ IBr(G) and the vertices of ψ are exactly the vertices of a simple module (in charac-
teristic p) that affords ψ .
The statement of the first result of this section involves the notion of a character triple
and that of a character triple isomorphism, and so the reader is referred to [3, Chapter 11]
for the exact definitions and basic properties.
Let (τ, σ ) be a character triple isomorphism from (Γ,M,ν) to (Γ ′,M ′, ν′). If M ⊆
H ⊆ Γ , we shall denote by H ′, the subgroup M ′ ⊆ H ′ ⊆ Γ ′ for which H ′/M ′ = τ(H/M).
Also, we shall say that (τ, σ ) satisfies property (P) provided that for every subgroup H of
Γ containing M and for every character χ of H such that χM is a multiple of ν we have
σHg (χ
g) = σH (χ)τ(g) for every g = gM ∈ Γ/M . (See [8, p. 453].)
Lemma 2.1. Let (G,N,μ) be a character triple where μ is π ′-special. Then there exist
a character triple (G′,N ′,μ′) with N ′ a π ′-group contained in Z(G′), and a character
triple isomorphism (τ, σ ) from (G,N,μ) to (G′,N ′,μ′) satisfying (P) and such that the
following assertions hold for every subgroup H of G containing N :
(a) If ψ ∈ Iπ ′(H |μ0), then there exists a character χ ∈ Irr(H |μ) such that ψ = χ0. For
any such character, we have that σH (χ)0 is an irreducible π ′-partial character of H ′
lying over μ′ that is uniquely determined by ψ . Moreover, the map σ 0H sending ψ to
σH (χ)
0 is a bijection from Iπ ′(H |μ0) onto Iπ ′(H ′|μ′).
(b) Let ψ ∈ Iπ ′(H |μ0). If Q is a vertex of ψ , then Q ∩ N is a Hall π -subgroup of N .
Furthermore, the subgroup (QN)′ of H ′ has a unique Hall π -subgroup Q˜ and σ 0H (ψ)
has Q˜ as a vertex.
(c) The correspondence B → σH (B) defines a bijection of Blπ (H |μ) onto the set of (Slat-
tery) π -blocks of H ′ lying over μ′.
(d) Let B ∈ Blπ (H |μ). If D is a defect group of B , then D ∩ N is a Hall π -subgroup
of N . Moreover, (DN)′ has a unique Hall π -subgroup D˜ and σH (B) has D˜ as a
defect group.
(e) If B ∈ Blπ (H |μ), then σ 0H maps Iπ ′(B) onto Iπ ′(σH (B)).
Proof. In view of [8, Lemma 3.9], we can find a character triple (G′,N ′,μ′) isomorphic
to (G,N,μ) with N ′ a π ′-group contained in Z(G′) and such that the associated isomor-
phism (τ, σ ) satisfies (P).
Let now H be a subgroup of G containing N . Let τ ∗ be the restriction of τ to H/N , and
write σ ∗ for the union of the maps σK associated with all subgroups K of G such that N ⊆
K ⊆ H . Then it is clear that (τ ∗, σ ∗) is a character triple isomorphism from (H,N,μ)
to (H ′,N ′,μ′) that satisfies (P). Now to prove the lemma, we shall work with (τ ∗, σ ∗)
instead of (τ, σ ). However, since σ ∗K = σK for every subgroup K of H containing N , we
will keep the notation σK for σ ∗ .K
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the statements of (a) and [11, Lemma 5(a)] are the same, the character triple isomorphism
in [11, Lemma 5] was not required to satisfy (P).)
(b) Let ξ be the character in Bπ ′(H) for which ψ = ξ0. As ψ lies over μ0 and the irre-
ducible constituents of ξN are all in Bπ ′(N) by Corollary 7.5 in [4], we have ξ ∈ Irr(H |μ).
Now since μ is π ′-special, the character ξ has a nucleus (W,γ ) such that N ⊆ W and
γ ∈ Irr(W |μ) by [17, Lemma 1.2]. Then ξ = γH and so ψ = ξ0 = (γ 0)H . As ξ ∈ Bπ ′(H),
the character γ is π ′-special and hence γ 0 ∈ Iπ ′(W) and γ 0(1) is a π ′-number. Therefore
ψ has a Hall π -subgroup R of W as a vertex.
By Lemma 11.35 of [3], we have σH (ξ) = σW(γ )H ′ . Now (a) tells us that σ 0H (ψ) =
σH (ξ)
0 and so we deduce that σ 0H (ψ) = [σW (γ )0]H
′
. Since σ 0H (ψ) ∈ Iπ ′(H ′), we note
that σW(γ )0 ∈ Iπ ′(W ′). Next, γ (1)/μ(1) = σW(γ )(1) by [3, Lemma 11.24]. Since γ (1) is
a π ′-number, we conclude that σW(γ )(1) is a π ′-number. Therefore, any Hall π -subgroup
of W ′ is a vertex for σ 0H (ψ).
Since RN/N is a Hall π -subgroup of W/N and W/N ∼= W ′/N ′, we have that
(RN)′/N ′ is a Hall π -subgroup of W ′/N ′. Let R˜ be a Hall π -subgroup of (RN)′. Then R˜
is a Hall π -subgroup of W ′ and hence, as such, is a vertex for σ 0H (ψ).
Let now Q be any vertex of ψ . Then Q = Rh for some h ∈ H . So (QN)′/N ′ =
τ(RN/N)τ(hN) = [(RN)′]h′/N ′ for some h′ ∈ H ′, and therefore (QN)′ = [(RN)′]h′ .
Since (RN)′ = R˜N ′, we get that (QN)′ = R˜h′N ′. Now as N ′ is a central π ′-subgroup
of G′, it is clear that R˜h′ is the unique Hall π -subgroup of (QN)′. Furthermore, since R˜ is
a vertex of σ 0H (ψ), the subgroup R˜h
′ is also a vertex. The proof of (b) is almost complete
and all that remains to be proved is that Q ∩ N is a Hall π -subgroup of N . By Theo-
rem 1(a) of [10], ψ has a vertex Q0 such that Q0 ∩N is a vertex for μ0. Now as μ0(1) is a
π ′-number, Q0 ∩ N is a Hall π -subgroup of N . Finally, since Q = Qh00 for some h0 ∈ H ,
we conclude that Q∩N = (Q0 ∩N)h0 is a Hall π -subgroup of N , as needed.
Next, (c) is direct from [8, Lemma 3.12].
(d) Since the character triple isomorphism (τ ∗, σ ∗) satisfies (P), we can repeat the ar-
gument used to prove [8, Theorem 4.2] and conclude that B has a defect group P such
that (PN)′ = P˜N ′ for some defect group P˜ of σH (B). Now if D is a defect group of B ,
we have D = Ph for some h ∈ H . So just as in the last paragraph of the proof of (b),
we get that (DN)′ = P˜ h′N ′ for some h′ ∈ H ′. Now by letting D˜ = P˜ h′ , we have that D˜
is the unique Hall π -subgroup of (DN)′ and as an H ′-conjugate of P˜ , is a defect group
for σH (B). Lastly, the fact that D ∩ N is a Hall π -subgroup of N follows directly from
Lemma 4.1 in [8]. The proof of (d) is now complete.
(e) If ψ ∈ Iπ ′(B), then ψ = χ0 for some χ ∈ B . Now by (a), σ 0H (ψ) = σH (χ)0. Since
σH (χ) ∈ σH (B), we get σ 0H (ψ) ∈ Iπ ′(σH (B)). Next, let ϕ ∈ Iπ ′(σH (B)). Then ϕ = θ0 for
some θ ∈ σH (B). As ϕ ∈ Iπ ′(H ′|μ′) and σ 0H is onto, there exists φ ∈ Iπ ′(H |μ0) for which
σ 0H (φ) = ϕ. By (a), there is ξ ∈ Irr(H |μ) such that φ = ξ0 and σ 0H (φ) = σH (ξ)0. Now
we have σH (ξ)0 = ϕ. Since θ ∈ σH (B), we get that σH (ξ) ∈ σH (B) and it follows that
ξ ∈ B . We conclude then that φ ∈ Iπ ′(B). We have thus shown that σ 0H maps Iπ ′(B) onto
Iπ ′(σH (B)), as asserted. 
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Iπ ′(B) has a vertex Q with Q ⊆ D and there exists an element in Iπ ′(B) having D as a
vertex.
Proof. Let M = Oπ ′(G). Choose ν ∈ Irr(M) lying under B and let I be the inertial group
of ν in G. Assume first that I = G. Then by [17, Definition 2.2], D is a Hall π -subgroup
of G. The first assertion of the lemma then clearly holds. Next, since M is a π ′-group, the
character ν is π ′-special and so by Corollary 4.8 in [1], there is a π ′-special character χ
of G lying over ν. As B = Irr(G|ν) by Theorem 2.8 of [16], the character χ is in B and
hence χ0 ∈ Iπ ′(B). Moreover, since χ0(1) is a π ′-number, the subgroup D, being a Hall
π -subgroup of G, is a vertex for χ0. This proves the second assertion.
Now suppose I < G. Let b be the π -block of I which corresponds to B via [16, The-
orem 2.10], and let P be a defect group of b. By induction, every element in Iπ ′(b) has
a vertex which is contained in P and there exists φ ∈ Iπ ′(b) having P as a vertex. Now
let ψ ∈ Iπ ′(B). Then ψ = θ0 for some θ ∈ B . If λ is the unique character in Irr(I |ν)
such that λG = θ , then λ ∈ b. Furthermore, as (λ0)G = θ0 and θ0 ∈ Iπ ′(G), it is clear that
λ0 ∈ Iπ ′(I ). Hence λ0 ∈ Iπ ′(b) and so some vertex R of λ0 is contained in P . As D = Px
for some x ∈ G (see [17, Definition 2.2]), and R is a vertex for ψ , we conclude that ψ
has a vertex, namely Rx , which is contained in D. This takes care of the first assertion. Fi-
nally, we prove the remaining assertion. Since φ ∈ Iπ ′(I |ν), Proposition 3.2(a) in [5] tells
us that ϕ = φG ∈ Iπ ′(G). So in particular the subgroup P , hence D also, is a vertex for ϕ.
Now to finish the proof, it suffices to show that ϕ ∈ Iπ ′(B). Let ξ ∈ b with ξ0 = φ. Then
ξG ∈ B and (ξG)0 = (ξ0)G = ϕ. This tells us that ϕ ∈ Iπ ′(B), and the proof of the lemma
is complete. 
As a consequence of Lemmas 2.1 and 2.2, we obtain the following.
Proposition 2.3. Let (G,N,μ) be a character triple where μ is π ′-special, and let
(G′,N ′,μ′) be an isomorphic character triple as in Lemma 2.1 with (τ, σ ) the associ-
ated isomorphism from (G,N,μ) to (G′,N ′,μ′). Fix a subgroup H of G containing N
and let D be a π -subgroup of H . Further, write D˜ for the unique Hall π -subgroup of
(DN)′.
(a) Assume B ∈ Blπ (H |μ) has defect group D. Then every ψ ∈ Iπ ′(B) has a vertex Q
which is contained in D, and there exists an element in Iπ ′(B) with D as a vertex. Fur-
thermore, if σ 0H is as in Lemma 2.1(a), then the correspondence ψ → σ 0H (ψ) defines
a bijection from the set of elements in Iπ ′(B) with vertex D onto the set of elements in
Iπ ′(σH (B)) with vertex D˜.
(b) Suppose D ∩ N is a Hall π -subgroup of N . Then the correspondence B → σH (B)
defines a bijection from the set of relative π -blocks in Blπ (H |μ) with defect group D
onto the set of π -blocks of H ′ over μ′ with defect group D˜.
Proof. (a) First, note that σH (B) is a (Slattery) π -block of H ′ over μ′ by part (c) of
Lemma 2.1 and that D˜ is a defect group of σH (B) by part (d) of the same lemma. Now let
ψ ∈ Iπ ′(B). If P is a vertex of ψ , then the unique Hall π -subgroup P˜ of (PN)′ is a vertex
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tells us that φ has a vertex R with R ⊆ D˜. Then R = P˜ h′ for some h′ ∈ H ′. Now choose an
element h ∈ H for which τ(hN) = h′N ′. Then it is easy to see that τ(P hN/N) = RN ′/N ′.
As τ(DN/N) = D˜N ′/N ′ and RN ′ ⊆ D˜N ′, it follows that PhN/N ⊆ DN/N and hence
PhN ⊆ DN . Next, since D ∩ N is a Hall π -subgroup of N by Lemma 2.1(d), we have
|DN |π = (|D||N |π )/|D ∩ N | = |D|. This tells us that D is a Hall π -subgroup of DN .
It follows that some H -conjugate Q of Ph is contained in D. As P is a vertex for ψ , the
subgroup Q is also a vertex and the first assertion is proved.
Next by Lemma 2.2, there exists an element in Iπ ′(σH (B)) which has D˜ as a vertex.
Let ϕ be any such element. Then parts (a) and (e) of Lemma 2.1 tell us that there is a
unique α ∈ Iπ ′(B) with σ 0H (α) = ϕ. We shall show that α has vertex D and this will take
care of the second assertion. Let U be a vertex of α. Then the unique Hall π -subgroup U˜
of (UN)′ is a vertex for ϕ by Lemma 2.1(b). So in particular, we have |U˜ | = |D˜|. Since
UN/N ∼= U˜N ′/N ′, it follows that |U | = |U˜ ||U ∩ N |. Similarly, as DN/N ∼= D˜N ′/N ′,
we have |D| = |D˜||D ∩N |. Now by parts (b) and (d) of Lemma 2.1, we know that each of
U ∩N and D ∩N is a Hall π -subgroup of N . Hence |U ∩N | = |D ∩N | and since |U˜ | =
|D˜|, we deduce that |U | = |D|. As α must have a vertex inside D by the first assertion, it
follows that D is a vertex for α, as wanted. Next, we prove the last assertion.
By parts (a) and (e) of Lemma 2.1, we know that σ 0H restricts to a bijection of
Iπ ′(B) onto Iπ ′(σH (B)). Now if ψ ∈ Iπ ′(B) has vertex D, then σ 0H (ψ) has vertex D˜ by
Lemma 2.1(b). Conversely, if ϕ ∈ Iπ ′(σH (B)) has vertex D˜, then we have seen in the above
paragraph that D is a vertex for the unique element α ∈ Iπ ′(B) satisfying σ 0H (α) = ϕ. This
is clearly enough to prove the last assertion.
(b) If B ∈ Blπ (H |μ) has defect group D, then as noted above σH (B) is a π -block of
H ′ over μ′ with defect group D˜. Next, suppose that B̂ is a π -block of H ′ lying over μ′
and having D˜ as a defect group. By part (c) of Lemma 2.1, there is a unique relative π -
block B0 ∈ Blπ (H |μ) with B̂ = σH (B0). Now let P be a defect group of B0 and let P˜ be
the unique Hall π -subgroup of (PN)′. Since P˜ is a defect group for B̂ by Lemma 2.1(d),
there is h′ ∈ H ′ such that D˜ = P˜ h′ . It follows that PhN = DN , where h is an element in H
satisfying τ(hN) = h′N ′. Now as Ph is a defect group of B0, Ph ∩N is a Hall π -subgroup
of N by Lemma 2.1(d), and consequently Ph is a Hall π -subgroup of DN . Similarly, since
D ∩ N is a Hall π -subgroup of N by assumption, D also, is a Hall π -subgroup of DN .
We conclude then that D is H -conjugate to Ph and therefore B0 has D as a defect group.
We have shown above that the correspondence B → σH (B) defines a surjective map
from the set of relative π -blocks in Blπ (H |μ) with defect group D onto the set of π -
blocks of H ′ over μ′ with defect group D˜. By Lemma 2.1(c), this map is 1–1, and the
proof of (b) is complete. 
Proposition 2.4. Let (G,N,μ) be a character triple where μ ∈ Bπ ′(N) and fix a subgroup
H of G containing N . Choose a nucleus (W,γ ) for μ and write S = NG((W,γ )), the sta-
bilizer of (W,γ ) in G. Let B ∈ Blπ (H |μ) and call b, the relative π -block in Blπ (H ∩S|γ )
corresponding to B via Proposition 3.8(d) in [9].
(a) The correspondence φ → φH defines a bijection of Iπ ′(b) onto Iπ ′(B).
(b) Assume D is a π -subgroup of H ∩ S and B has D as a defect group. Then
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(ii) Every ψ ∈ Iπ ′(B) has a vertex Q which is contained in D and Iπ ′(B) contains an
element having D as a vertex.
(iii) The correspondence φ → φH defines a bijection of the set of elements in Iπ ′(b)
with vertex D onto the set of elements in Iπ ′(B) with vertex D.
(c) Let D be a π -subgroup of H ∩ S. Then the correspondence β → {θH : θ ∈ β} defines
a bijection from the set of relative π -blocks in Blπ (H ∩S|γ ) with defect group D onto
the set of relative π -blocks in Blπ (H |μ) with defect group D.
Proof. (a) In view of [9, Proposition 3.8(b)], it suffices to show that the induction mapping
φ → φH maps Iπ ′(b) onto Iπ ′(B). First, let φ ∈ Iπ ′(b). Then there is λ ∈ b for which
λ0 = φ. Now λH ∈ B by Proposition 3.8(d) of [9] and we clearly have that (λH )0 = φH .
Since φ ∈ Iπ ′(H ∩ S|γ 0), we have φH ∈ Iπ ′(H) by [9, Proposition 3.8(b)], and hence
φH ∈ Iπ ′(B). Next, let ψ ∈ Iπ ′(B). Then there exists χ ∈ B for which ψ = χ0. Now by
Proposition 3.8(d) in [9], we have χ = ζH for a character ζ ∈ b. Since (ζ 0)H = ψ and
ψ ∈ Iπ ′(H), we get that ζ 0 ∈ Iπ ′(H ∩ S). Therefore ζ 0 ∈ Iπ ′(b), as ζ ∈ b. This finishes the
proof of (a).
(b) Since D is a defect group of B , there is a defect group D0 of b and an element
h ∈ H such that D = Dh0 (see [9, Section 4]). Now as H = (H ∩ S)N by Lemma 3.6(a)
of [9], we may assume that h ∈ N . It follows then that D ⊆ D0N . Hence if d ∈ D, there
exist elements d0 ∈ D0 and n ∈ N with d = d0n. Since D and D0 are contained in S, we
deduce that d−10 d ∈ N ∩ S. By [9, Lemma 3.6(a)], we have N ∩ S = W and so we get
that d ∈ D0W . We have thus shown that D ⊆ D0W . Next, as γ is π ′-special, D0 ∩ W is a
Hall π -subgroup of W by Lemma 2.1(d), and it follows that D0 is a Hall π -subgroup of
D0W . Since |D| = |D0|, we conclude that D also, is a Hall π -subgroup of D0W . Therefore
D = Dw0 for some w ∈ W , and hence D is a defect group for b as W ⊆ H ∩ S. This takes
care of (i).
Let ψ ∈ Iπ ′(B). Then by (a), ψ = φH for some φ ∈ Iπ ′(b). Since b has defect group D
by (i), Proposition 2.3(a) tells us that φ has a vertex Q which is contained in D. Now as
ψ = φH , we have that Q is also a vertex for ψ , and the first assertion of (ii) holds. Next by
part (a) of Proposition 2.3, Iπ ′(b) contains an element ω which has D as a vertex. Now the
element ωH of Iπ ′(B) clearly has D as a vertex, and this proves the remaining assertion
of (ii). Next, we prove (iii).
In view of (a), it suffices to show that φ ∈ Iπ ′(b) has vertex D if and only if φH ∈ Iπ ′(B)
has vertex D. If φ has vertex D, then it is clear that φH has vertex D. Next assume that
φH has vertex D. Then φ has a vertex R such that |R| = |D| and R ⊆ D. This forces φ to
have D as a vertex. Part (iii) then holds.
(c) By Proposition 3.8(d) of [9], the correspondence β → {θH : θ ∈ β} defines a bi-
jection from Blπ (H ∩ S|γ ) onto Blπ (H |μ), and so to prove the assertion, it is enough to
show that β ∈ Blπ (H ∩ S|γ ) has defect group D if and only if βˆ = {θH : θ ∈ β} has defect
group D. Now if β has defect group D, then βˆ has defect group D (see [9, Section 4]). On
the other hand, if βˆ has defect group D, then by (b), β has defect group D. This completes
the proof of the proposition. 
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Then every ψ ∈ Iπ ′(B) has a vertex which is contained in D and Iπ ′(B) contains an ele-
ment having D as a vertex.
Proof. Let I be the inertial group of μ in G and call B̂ the relative π -block in Blπ (I |μ)
corresponding to B via Lemma 3.5 in [9]. Then by the definition of defect groups, B̂ has
a defect group D′ which is G-conjugate to D. Next, choose a nucleus (W,γ ) for μ and
write S for the stabilizer of (W,γ ) in I . Then, also by the definition of defect groups, we
may assume D′ ⊆ S. Moreover, since the vertices of any element in Iπ ′(G) form a single
conjugacy class of subgroups of G, it suffices to prove the assertions with D′ in place
of D. Now part (ii) of Proposition 2.4(b) tells us that every φ ∈ Iπ ′(B̂) has a vertex which
is contained in D′ and that Iπ ′(B̂) has an element φ0 with vertex D′.
Let ψ ∈ Iπ ′(B). Then there is χ ∈ B such that χ0 = ψ . Next let λ be the character in B̂
with λG = χ . Since χ0 ∈ Iπ ′(G) and (λ0)G = χ0, it is clear that λ0 ∈ Iπ ′(B̂). Now λ0 has
a vertex P which is contained in D′. Since ψ = (λ0)G, the subgroup P is a vertex for ψ
also, and the first assertion follows.
Next, as μ is uniquely determined by the irreducible π ′-partial character μ0 of N , the
subgroup I is the inertial group of μ0 in G. Since φ0 lies over μ0, we get that φG0 ∈ Iπ ′(G)
by [5, Proposition 3.2(a)]. Now let η be the unique element of Bπ ′(I ) with η0 = φ0. Then
as every irreducible constituent of ηN is in Bπ ′(N) by [4, Corollary 7.5], η must lie over μ.
Since φ0 ∈ Iπ ′(B̂), we have η ∈ B̂ and it follows that ηG ∈ B . Then φG0 ∈ Iπ ′(B) as φG0 =
(η0)G = (ηG)0. Note finally that D′, being a vertex for φ0, is a vertex for φG0 as well. This
takes care of the remaining assertion. 
3. Proof of the main theorem
The purpose of this section is to prove the main theorem of this paper. For that end,
we need a number of preliminary results. In order to use the results of Section 2, we will
consider p-blocks in the present section as sets of ordinary irreducible characters. We begin
with the following result of Brauer.
Lemma 3.1. Let H be a subgroup of an arbitrary finite group G and let b and B be
p-blocks of H and G, respectively. Suppose that bG is defined. Then for any θ ∈ b, if
θG =∑χ∈Irr(G) kχχ , we have
(a) [∑χ∈B kχχ(1)]p = [θG(1)]p , if B = bG.
(b) [∑χ∈B kχχ(1)]p > [θG(1)]p , if B = bG.
Note. The p-part of zero is infinite.
Proof. See [14, Corollary 5.3.2]. 
A. Laradji / Journal of Algebra 295 (2006) 543–561 551Remark. As a direct consequence of the above lemma, we note that if b is a p-block of a
subgroup H of a finite group G and bG is defined, then for any θ ∈ b, there exists λ ∈ bG
such that θ is a constituent of λH .
Let G be an arbitrary finite group and let N  G with G/N a p-group. If ϕ is a
G-invariant irreducible Brauer character of N , then in view of Theorem 3.5.11(ii) and
Corollary 3.5.9 of [14], there exists a unique element φ ∈ IBr(G) which lies over ϕ and φ
extends ϕ.
Lemma 3.2. Let N  G where G is p-solvable and let B and b be p-blocks of G and N
respectively such that B covers b. Assume ϕ is a G-invariant irreducible Brauer character
belonging to b of height zero. If B has a defect group D such that G = NNG(D), and φ is
the unique element of IBr(ND) which lies over ϕ, then D is a vertex for φ and for every
element ψ ∈ IBr(B|ϕ).
Proof. Since ϕ is G-invariant, the p-block b is G-invariant, and so by [14, Theo-
rem 5.5.16(ii)], N ∩ D is a defect group for b. Now as ϕ is of height zero, N ∩ D is a
vertex for ϕ. Next, let Q be a vertex of φ. Then |ND : Q|p divides φ(1)p by [14, Theo-
rem 4.7.5]. Since φ extends ϕ, we have φ(1)p = ϕ(1)p = |N : N ∩D|p , and it follows that
|D| divides |Q|. So, in particular, |D| |Q|.
Now let ψ ∈ IBr(B|ϕ). Then as φ is the only irreducible Brauer character of ND lying
over ϕ and ND  G, ψ must lie over φ. Hence ψ has a vertex R such that Q ⊆ R, and
therefore |D| |Q| |R|. Since ψ belongs to B and D is a defect group for B , it follows
that ψ has D as a vertex and that Q = R. Then Q is G-conjugate to D and as G =
NNG(D), Q = Dn for some n ∈ N . We conclude then that D is a vertex for φ. This
finishes the proof of the lemma. 
Lemma 3.3. Let N  G where G is p-solvable and let B and b be p-blocks of G and
N , respectively such that B covers b. Let D be a defect group of B and suppose μ ∈
Bp′(N)∩ b is of height zero and G-invariant. Then
(a) NG(ND) = NNG(D).
(b) μ has a nucleus (W,γ ) such that D is contained in the stabilizer S of (W,γ ) in G.
Proof. Let B̂ be the unique p-block of NNG(D) with defect group D such that B̂G = B .
Next choose θ ∈ B̂ . Then θ is a constituent of λNNG(D) for some character λ ∈ B . Since μ
is G-invariant, the p-block b is G-invariant and hence every irreducible constituent of λN
lies in b by [14, Lemma 5.5.7]. Again by [14, Lemma 5.5.7], it follows that B̂ covers b.
Next as μ is a G-invariant character in Bp′(N) ∩ b of height zero, μ0 is a G-invariant
irreducible Brauer character belonging to b of height zero. Let now φ be the unique irre-
ducible Brauer character of ND lying over μ0. Since B̂ is a p-block of NNG(D) covering
b and having defect group D, Lemma 3.2 tells us that D is a vertex for φ.
Since φ is the only irreducible Brauer character of ND lying over μ0, it is clear that φ
is NG(ND)-invariant. Let g ∈ NG(ND). Then as D is a vertex of φ, the subgroup Dg is
also a vertex. It follows that Dg = Dn for some n ∈ N , and hence g ∈ NNG(D). We have
552 A. Laradji / Journal of Algebra 295 (2006) 543–561thus shown that NG(ND) ⊆ NNG(D). Since NNG(D) ⊆ NG(ND), we get NG(ND) =
NNG(D). This takes care of (a).
Let (W˜ , γ˜ ) be a nucleus for μ and write S˜ for the stabilizer of (W˜ , γ˜ ) in G. By Propo-
sition 3.8(b) of [9] there exists an irreducible Brauer character ω of (ND) ∩ S˜ such that
ωND = φ. Let P be a vertex for ω. Then P is a vertex for φ as well and so as φ has
vertex D, we have P = Dn0 for some n0 ∈ N . Now
(W,γ ) = (W˜n−10 , γ˜ n−10 )
is a nucleus for μ having S = S˜n−10 as stabilizer in G. Moreover since P ⊆ S˜, it is clear
that D ⊆ S. This proves (b) and the proof of the lemma is complete. 
Let N  G where G is an arbitrary finite group and let μ ∈ Irr(N). If H is a subgroup
of G containing N , θ ∈ Irr(H |μ) and χ is any irreducible constituent of θG, then note that
χ ∈ Irr(G|μ).
Proposition 3.4. Let N  G where G is p-solvable and fix a G-invariant character μ ∈
Bp′(N). Let D be a p-subgroup of G and let b be a relative p-block in Blp(NG(ND)|μ).
Assume there exists a nucleus (W,γ ) for μ such that D is contained in the stabilizer
S = NG((W,γ )).
(a) There exists a (unique) relative p-block B ∈ Blp(G|μ) such that for any θ ∈ b, if
θG =∑χ kχχ where χ ∈ Irr(G|μ) and B ∈ Blp(G|μ), we have
[∑
χ∈B
kχχ(1)
]
p
= [θG(1)]
p
if B = B and
[∑
χ∈B
kχχ(1)
]
p
>
[
θG(1)
]
p
if B = B.
(b) Assume b has D as a defect group. Then
(i) D is a defect group for B .
(ii) The number of elements in IBr(B) (= Ip′(B)) with vertex D is equal to |IBr(b)|.
(c) Suppose W ∩ D is a Sylow p-subgroup of W . Then the correspondence b → B re-
sulting from (a) defines a bijection from the set of elements in Blp(NG(ND)|μ) with
defect group D onto the set of elements in Blp(G|μ) with defect group D.
Proof. Step 1. Assume first that μ is p′-special. We will prove all assertions of the propo-
sition in this case.
First note that (W,γ ) = (N,μ) and hence S = G. Next choose a character triple
(G′,N ′,μ′) with N ′ a p′-group contained in Z(G′) and a character triple isomorphism
(τ, σ ) from (G,N,μ) to (G′,N ′,μ′), as in Lemma 2.1. If N ⊆ H ⊆ G, we shall denote
by H ′ the subgroup N ′ ⊆ H ′ ⊆ G′ such that H ′/N ′ = τ(H/N).
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(NG(ND))
′ = NG′(D˜). First note that
NG(ND)/N = NG/N
(
(ND)/N
)
and NG′
(
N ′D˜
)
/N ′ = NG′/N ′
((
N ′D˜
)
/N ′
)
.
Moreover, as τ is an isomorphism from G/N onto G′/N ′, we have τ(NG/N((ND)/N)) =
NG′/N ′((N ′D˜)/N ′). It follows that (NG(ND))′ = NG′(N ′D˜). Since D˜ is the only Sylow
p-subgroup of N ′D˜, we have NG′(N ′D˜) = NG′(D˜) and our claim is valid.
Since b ∈ Blp(NG(ND)|μ), part (c) of Lemma 2.1 tells us that b′ = σNG(ND)(b) is a
p-block of NG′(D˜) lying over μ′. By [14, Theorem 5.3.5(i)], (b′)G′ is defined. Further-
more, as b′ lies over μ′, we note that (b′)G′ lies over μ′ as well (see the remark following
Lemma 3.1 and the comments preceding this proposition).
Now let θ ∈ b. Then θ ′ = σNG(ND)(θ) ∈ b′. Next write θG =
∑
χ kχχ , where χ ∈
Irr(G|μ). Further, for each χ ∈ Irr(G|μ) denote σG(χ) by χ ′. Then by [3, Lemma 11.35],
(θ ′)G′ = σG(θG) =∑χ kχχ ′, where χ ∈ Irr(G|μ).
Next, let B be any relative p-block in Blp(G|μ). Then B′ = σG(B) is a p-block of G′
lying over μ′ by Lemma 2.1(c). Now the B′-component of (θ ′)G′ is∑χ∈B kχχ ′. Moreover,
as μ′ is linear, we have∑
χ∈B
kχχ(1) = μ(1)
∑
χ∈B
kχχ
′(1) and θG(1) = μ(1)(θ ′)G′(1)
by Lemma 11.24 in [3]. Since μ is p′-special, we have that μ(1) is a p′-number and it
follows that[∑
χ∈B
kχχ(1)
]
p
=
[∑
χ∈B
kχχ
′(1)
]
p
and
[
θG(1)
]
p
= [(θ ′)G′(1)]
p
.
By Lemma 2.1(c), B′ runs through the set of all p-blocks of G′ that lie over μ′ as B
runs through Blp(G|μ). Lemma 3.1 now tells us that[∑
χ∈B
kχχ
′(1)
]
p
= [(θ ′)G′(1)]
p
if B′ = (b′)G′ and
[∑
χ∈B
kχχ
′(1)
]
p
>
[(
θ ′
)G′
(1)
]
p
if B′ = (b′)G′ .
Let B = σ−1G ((b′)G
′
). Then[∑
χ∈B
kχχ(1)
]
p
= [θG(1)]
p
if B = B and
[∑
χ∈B
kχχ(1)
]
p
>
[
θG(1)
]
p
if B = B.
Since the construction of B does not depend on the choice of θ , part (a) is proved. Next,
we show (b).
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by Brauer’s First Main Theorem [14, Theorem 5.3.8], (b′)G′ has D˜ as a defect group. As
N ∩D is a Sylow p-subgroup of N by Lemma 2.1(d), we conclude from Proposition 2.3(b)
that D is a defect group for B . This is (i).
By Theorem 4.1 in [15, p. 312], the number of elements in IBr((b′)G′) having vertex
D˜ is equal to |IBr(b′)|. Next, as B has defect group D, Proposition 2.3(a) implies that the
number of elements in IBr(B) with vertex D coincides with that of elements in IBr((b′)G′)
with vertex D˜. Moreover, by parts (a) and (e) of Lemma 2.1, we have |IBr(b)| = |IBr(b′)|.
Assertion (ii) then immediately follows.
Finally we prove (c). By Brauer’s First Main Theorem, the map β → βG′ is a bijection
of the set of p-blocks of NG′(D˜) with defect group D˜ onto the set of p-blocks of G′ with
defect group D˜. If β lies over μ′, then so does βG′ by the remark following Lemma 3.1
and the comments preceding this proposition. Next, assume βG′ lies over μ′. If ξ ∈ β ,
then there is a character ζ ∈ βG′ such that ξ is an irreducible constituent of ζNG′ (D˜). Since
ζ lies over μ′ and μ′ is G′-invariant, we conclude that ξ lies over μ′. Hence β lies over
μ′. We have thus proved that the map β → βG′ defines a bijection from the set of p-
blocks of NG′(D˜) having defect group D˜ and lying over μ′ onto the set of p-blocks of G′
having defect group D˜ and lying over μ′. Also, by Proposition 2.3(b), the correspondence
b → σNG(ND)(b) (respectively B → σG(B)) defines a bijection from the set of relative
p-blocks in Blp(NG(ND)|μ) (respectively in Blp(G|μ)) with defect group D onto the
set of p-blocks of NG′(D˜) (respectively of G′) having defect group D˜ and lying over μ′.
Assertion (c) then clearly follows.
Step 2. Suppose now that μ ∈ Bp′(N). First we claim that NG(ND)∩ S = NS(WD). Let
g ∈ NG(ND)∩ S. Then if d ∈ D, we have dg = nd ′ with n ∈ N and d ′ ∈ D. Since D ⊆ S
and g ∈ S, we get n ∈ S. Now as n ∈ N , we conclude that n ∈ W from [9, Lemma 3.6(a)].
Hence Dg ⊆ WD, and since W  S, we have g ∈ NS(WD). Next assume h ∈ NS(WD).
Then WDh = WD and so NDh = ND as W ⊆ N . This tells us that h ∈ NG(ND) ∩ S.
We have thus proved our claim.
Let B be any relative p-block in Blp(G|μ). Next, denote by b (respectively B), the
relative p-block in Blp(NS(WD)|γ ) (respectively in Blp(S|γ )) which corresponds to b
(respectively B) via [9, Proposition 3.8(d)]. Since γ is an S-invariant p′-special character
of W , we know from Step 1 (and [9, Proposition 3.8(d)]) that there exists a unique relative
p-block B ∈ Blp(G|μ) such that for any η ∈ b, if ηS =∑λ kλλ where λ ∈ Irr(S|γ ), we
have
[∑
λ∈B
kλλ(1)
]
p
= [ηS(1)]
p
if B = B and
[∑
λ∈B
kλλ(1)
]
p
>
[
ηS(1)
]
p
if B = B.
Let θ = ηNG(ND) and if λ ∈ Irr(S|γ ), write χ for λG. Then by [9, Proposition 3.8], we have
θ ∈ b and χ runs through Irr(G|μ) as λ runs through Irr(S|γ ). We may then write θG =∑
λ lλχ , where λ ∈ Irr(S|γ ) and each lλ is a nonnegative integer. Now by Lemma 3.6(c)
of [9] we have lλ = [χN (ND), θ ] = [λN (WD), η] = kλ for every λ ∈ Irr(S|γ ), and henceG S
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we note that [∑
λ∈B
kλχ(1)
]
p
= |G : S|p
[∑
λ∈B
kλλ(1)
]
p
.
On the other hand, as θG = (ηNG(ND))G = ηG = (ηS)G, we have [θG(1)]p = |G :
S|p[ηS(1)]p . Now we conclude that[∑
λ∈B
kλχ(1)
]
p
= [θG(1)]
p
if B = B and
[∑
λ∈B
kλχ(1)
]
p
>
[
θG(1)
]
p
if B = B.
Since η is arbitrary in b, the character θ is arbitrary in b by Proposition 3.8(d) of [9], and
assertion (a) holds. Next, we prove (b).
Since b has defect group D, we note by Proposition 2.4(b) that b has defect group D.
Then by Step 1, D is also a defect group for B . Therefore by Proposition 2.4(c), B has
defect group D. This proves assertion (i) of (b). Next, we show assertion (ii) of (b).
By Step 1, the number of elements in IBr(B) with vertex D is equal to |IBr(b)|. Next
as B has defect group D, Proposition 2.4(b) implies that the number of elements in IBr(B)
with vertex D is equal to that of elements in IBr(B) with vertex D. Furthermore, from
Proposition 2.4(a), we have |IBr(b)| = |IBr(b)|. Part (ii) of (b) is now immediate.
Lastly, we show (c). By Step 1, (c) holds for the triple (S,W,γ ) and the subgroup D.
Call Ω the associated bijection from the set X of elements in Blp(NS(WD)|γ ) with defect
group D onto the set Y of elements in Blp(S|γ ) with defect group D. Next by Proposi-
tion 2.4(c), the map ΛG (respectively ΛNG(ND)) taking β to {ρG: ρ ∈ β} (respectively
to {ρNG(ND): ρ ∈ β}) is a bijection of Y (respectively X) onto the set of relative p-
blocks in Blp(G|μ) (respectively in Blp(NG(ND)|μ)) with defect group D. Moreover,
it is clear that for any relative p-block b in Blp(NG(ND)|μ) having defect group D,
ΛG ◦Ω ◦Λ−1NG(ND)(b) is the relative p-block B in Blp(G|μ) given by (a). This is enough
to prove (c). The proof of the proposition is now complete. 
The following is a special case of the main theorem, and is a key to the proof of that
result.
Proposition 3.5. Let N G where G is p-solvable and let B and b be p-blocks of G and N
respectively such that B covers b. Assume ϕ is a G-invariant irreducible Brauer character
belonging to b of height zero. If D is a defect group of B and B̂ is the p-block of NNG(D)
with defect group D such that B̂G = B , then |IBr0(B|ϕ)| = |IBr(B̂|ϕ)|.
Proof. First, note that b is G-invariant as ϕ is G-invariant. Next, by Theorem 4.4(ii) in
[12], IBr0(B|ϕ) = ∅.
Let μ be the character in Bp′(N) satisfying μ0 = ϕ. Then μ is G-invariant as it is
uniquely determined by ϕ. Now let ψ be any element in IBr0(B|ϕ). If χ is the character
in Bp′(G) with χ0 = ψ , we have χ ∈ Irr(G|μ) (because the irreducible constituents of χN
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χ lies. Then ψ ∈ IBr(β). Since B has defect group D and ψ is of height zero, D is a
vertex for ψ . Now as β ⊆ B , it follows from Corollary 2.5 that D is a defect group for β .
Let β1, . . . , βr be all the distinct relative p-blocks in Blp(G|μ) contained in B and having
defect group D. Then
IBr0(B|ϕ) ⊆
⋃
1ir
{
ω ∈ IBr(βi): D is a vertex of ω
}
.
Next if φ ∈ IBr(βi) has vertex D. Then by [2, Theorem 2.1], φ is an irreducible Brauer
character belonging to B of height zero. Moreover, since φ lies over ϕ, we get φ ∈
IBr0(B|ϕ). Therefore
IBr0(B|ϕ) =
⋃
1ir
{
ω ∈ IBr(βi): D is a vertex of ω
}
. (1)
Next, as ϕ is of height zero, the irreducible character μ ∈ b is of height zero. Then
by Lemma 3.3, NNG(D) = NG(ND) and there is a nucleus (W,γ ) of μ such that D is
contained in the stabilizer S of (W,γ ) in G. Let β1 be the relative p-block in Blp(S|γ )
corresponding to β1 through [9, Proposition 3.8(d)]. Then, since β1 has defect group D
and D ⊆ S, β1 has defect group D by Proposition 2.4(b). Now, as γ is p′-special, W ∩ D
is a Sylow p-subgroup of W by Lemma 2.1(d).
For every i ∈ {1, . . . , r}, write βˆi for the relative p-block in Blp(NNG(D)|μ) with
defect group D corresponding to βi via Proposition 3.4(c). Let i ∈ {1, . . . , r}. We claim
that βˆi ⊆ B̂ .
Let B˜ be the p-block of NNG(D) such that βˆi ⊆ B˜ . Since βˆi has defect group D,
there is δ ∈ IBr(βˆi) having D as a vertex by Corollary 2.5. Now as δ ∈ IBr(B˜), some
defect group of B˜ must contain D. Then by Corollary 5.3.7 and Theorem 5.3.6 in [14],
B˜G is defined. Now let θ ∈ βˆi . We may then write θG =∑λ kλλ, where λ ∈ Irr(G|μ). Let
B1 = βi, . . . ,Bq be all the distinct relative p-blocks in Blp(G|μ) which are contained in
B . It is clear that
∑
λ∈B
kλλ =
q∑
j=1
( ∑
λ∈Bj
kλλ
)
.
Now by Proposition 3.4(a),[∑
λ∈B1
kλλ(1)
]
p
= [θG(1)]
p
and
[∑
λ∈Bj
kλλ(1)
]
p
>
[
θG(1)
]
p
if j > 1.
It follows that [∑λ∈B kλλ(1)]p = [θG(1)]p . Since θ ∈ B˜ , we conclude from Lemma 3.1
that B˜G = B . So, in particular, a defect group of B˜ is contained in some G-conjugate of D
by [14, Lemma 5.3.3]. Since we know that D is contained in some defect group of B˜ , we
deduce that B˜ has D as a defect group. This forces B˜ = B̂ and hence βˆi ⊆ B̂ , as claimed.
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group D. Next, let A be the relative p-block in Blp(G|μ) corresponding to Â through
Proposition 3.4(c). Then A has defect group D. We claim that A ⊆ B . To prove this, let B ′
be the p-block of G such that A ⊆ B ′. Then by repeating the argument used in the previous
paragraph to prove that B˜G = B , we may safely conclude that B ′ = B̂G. Hence B ′ = B ,
and our claim is valid. Now A = βl for some l ∈ {1, . . . , r} and hence Â = βˆl .
We have thus shown that βˆ1, . . . , βˆr are all the relative p-blocks in Blp(NNG(D)|μ)
contained in B̂ and having defect group D. Then, just as for the p-block B in (1), we have
IBr0
(
B̂|ϕ)= ⋃
1ir
{
ε ∈ IBr(βˆi): D is a vertex of ε}. (2)
Since βˆ1 ⊆ B̂ and IBr(βˆ1) = ∅, we note that IBr(B̂|ϕ) = ∅. So, in particular, B̂ covers
b and it follows by Lemma 3.2 that D is a vertex for every element in IBr(B̂|ϕ). Then
in view of [2, Theorem 2.1], IBr(B̂|ϕ) = IBr0(B̂|ϕ). Moreover, for each i ∈ {1, . . . , r}, as
βˆi ⊆ B̂ , we have IBr(βˆi) ⊆ IBr(B̂|ϕ), and so every ε ∈ IBr(βˆi) has vertex D. Now from
(2), we get
IBr
(
B̂|ϕ)= ⋃
1ir
IBr
(
βˆi
)
. (3)
Since β1, . . . , βr are distinct, the relative p-blocks βˆ1, . . . , βˆr are distinct by Proposi-
tion 3.4(c). Also, by part (ii) of Proposition 3.4(b), the number of elements in IBr(βi) with
vertex D is equal to |IBr(βˆi )|. It follows from (1) and (3) that |IBr0(B|ϕ)| = |IBr(B̂|ϕ)|,
which ends the proof of the proposition. 
We are now ready to prove the main theorem of this paper.
Proof of Theorem. Let I be the inertial group of ϕ in G.
Case 1. Assume that IBr0(B|ϕ) = ∅. Then by [12, Theorem 4.4(ii)], ϕ is of height zero and
a T -conjugate of D is contained in I . Now call BT , the Fong–Reynolds correspondent of B
in T . Let ψ ∈ IBr0(B|ϕ). Then, as I ⊆ T , there exists a unique irreducible Brauer character
ψ(T ) of T lying over ϕ such that (ψ(T ))G = ψ . Moreover, in view of Theorem 5.5.10 in
[14], ψ(T ) belongs to BT . Since D is a defect group of BT and ψ is of height zero, ψ(T ) is
of height zero and so D is a vertex for ψ(T ). Next, denote by ψ(I), the irreducible Brauer
character of I lying over ϕ with (ψ(I))G = ψ . Then (ψ(I))T = ψ(T ) and it follows that
ψ(I) has a T -conjugate of D as a vertex.
We may now choose a minimal subset J of T such that for each ψ ∈ IBr0(B|ϕ), there
is a unique jψ ∈ J such that ψ(I) has vertex Djψ . For every j ∈ J , denote by Aj , the set of
all those ψ ∈ IBr0(B|ϕ) for which ψ(I) has vertex Dj . Note that by the minimality of J ,
Aj = ∅. Now we claim that⋃
IBr0
(
B̂|ϕt)= ⋃ IBr0(B̂|ϕj−1).t∈T j∈J
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lar, the defect group Du−1 of B̂u−1 is a vertex for φu−1 . Let φ0 be the irreducible Brauer
character of NNG(Du
−1
)∩ I lying over ϕ with
φ
NNG(D
u−1 )
0 = φu
−1
.
Then an N -conjugate of Du−1 , hence Du−1 itself, is a vertex of φ0. In particular, we have
Du
−1 ⊆ I , and
NNG
(
Du
−1)∩ I = NNI (Du−1).
Let B˜ be the p-block of NNI (Du
−1
) to which φ0 belongs. Then by [13, Lemma 3.1],
B˜NNG(D
u−1 ) is defined and
B̂u
−1 = B˜NNG(Du−1 ).
Next, as Du−1 is both a vertex for φ0 and a defect group for B̂u
−1
, [14, Lemma 5.3.3]
implies that B˜ has Du−1 as a defect group. Now by Theorem 5.3.8 of [14], B˜I is defined
and has Du−1 as a defect group. Since φ0 lies over ϕ, the p-block B˜ covers b, and there-
fore B˜I covers b (see the remark following Lemma 3.1). Proposition 3.5 now implies that
IBr0(B˜I |ϕ) = ∅.
Let ω ∈ IBr0(B˜I |ϕ). Then Du−1 is a vertex for ω. Hence ωG is an irreducible Brauer
character of G lying over ϕ and having D as a vertex. Next, as
B˜NNG(D
u−1 ) = B̂u−1 and (B̂u−1)G = B,
[14, Lemma 5.3.4] tells us that B˜G is defined and B˜G = B . Using that same lemma again,
we conclude that (B˜I )G is defined and (B˜I )G = B . Now Lemma 3.1 of [13] implies that
ωG belongs to B . Furthermore, since ω is of height zero,
ωG(1)p =
∣∣G : I ∣∣
p
ω(1)p = |G : I |p
∣∣I : Du−1 ∣∣
p
= ∣∣G : Du−1 ∣∣
p
and so ωG ∈ IBr0(B|ϕ). Therefore there is j ∈ J such that Dj is a vertex for ω. Then, as
Du
−1 is a vertex for ω, we have
Dj = (Du−1)l for some l ∈ I.
Hence u = lj−1x where x ∈ NG(D), and so ϕj−1 is NNG(D)-conjugate to ϕu. Then as
φ ∈ IBr0(B̂|ϕu), we get φ ∈ IBr0(B̂|ϕj−1), and this clearly proves our claim.
Our next task is to show that |Aj | = |IBr0(B̂|ϕj−1)| for every j ∈ J . Fix j ∈ J . Let
ψ ∈ Aj . Then by the definition of Aj , Dj is a vertex for ψ(I). Let β be the p-block of I
to which ψ(I) belongs. By [13, Lemma 3.1], βG is defined and βG = B . Then as ψ(I) has
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for β . Now since ψ is of height zero, it is easy to see that ψ(I) is of height zero. Thus
ψ(I) ∈ IBr0(β|ϕ).
Let βj,1, . . . , βj,rj be all the distinct p-blocks of I covering b, having defect group
Dj and such that (βj,i)G = B for each i ∈ {1, . . . , rj }. Let i ∈ {1, . . . , rj } and suppose
η ∈ IBr0(βj,i |ϕ). In view of [13, Lemma 3.1], ηG ∈ IBr(B|ϕ). Moreover, ηG is of height
zero as η is of height zero. Since Dj is a vertex for η, we have ηG ∈ Aj .
We have thus proved that the correspondence η → ηG defines a surjective map from⋃rj
i=1 IBr0(βj,i |ϕ) onto Aj . Since this map is injective by [14, Theorem 3.3.2], it is a
bijection. It follows, in particular, that
rj∑
i=1
∣∣IBr0(βj,i |ϕ)∣∣= |Aj |.
Next, for each i ∈ {1, . . . , rj }, denote by βˆj,i , the p-block of NNI (Dj ) with de-
fect group Dj such that (βˆj,i )I = βj,i . By Proposition 3.5, we have |IBr0(βj,i |ϕ)| =
|IBr(βˆj,i |ϕ)| for every i. Therefore
|Aj | =
rj∑
i=1
∣∣IBr(βˆj,i |ϕ)∣∣.
Let i ∈ {1, . . . , rj }. Since ϕ is I -invariant and of height zero, IBr0(βj,i |ϕ) = ∅ by [12,
Theorem 4.4(ii)]. Hence IBr(βˆj,i |ϕ) = ∅. Let ρ be any element of IBr(βˆj,i |ϕ). Then as
NNG(D
j )∩ I = NNI (Dj ),
ρNNG(D
j ) ∈ IBr(NNG(Dj )|ϕ).
It follows by Lemma 3.1 in [13] that (βˆj,i )NNG(Dj ) is defined and
ρNNG(D
j ) ∈ IBr((βˆj,i)NNG(Dj )|ϕ).
Next, since (βˆj,i )I = βj,i and (βj,i )G = B , Lemma 5.3.4 of [14] tells us that (βˆj,i )G
is defined and (βˆj,i )G = B . Using [14, Lemma 5.3.4] once more, we conclude that
[(βˆj,i )NNG(Dj )]G is defined and
[(
βˆj,i
)NNG(Dj )]G = B.
Now as Dj is a defect group for βˆj,i as well as for B , it follows from [14, Lemma 5.3.3]
that (βˆj,i )NNG(D
j ) has defect group Dj . Since B̂j is the only p-block of NNG(Dj ) having
defect group Dj and such that (B̂j )G = B , we deduce that
(
βˆj,i
)NNG(Dj ) = B̂j .
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Dj and therefore ρNNG(Dj ) ∈ IBr0(B̂j |ϕ) by [2, Theorem 2.1].
We now have a well defined map ι from
⋃rj
i=1 IBr(βˆj,i |ϕ) to IBr0(B̂j |ϕ), sending an
element ρ ∈⋃rji=1 IBr(βˆj,i |ϕ) to ρNNG(Dj ). By [14, Theorem 3.3.2], this map is injective.
Next, we show that ι is surjective. Let ν ∈ IBr0(B̂j |ϕ). If ν0 is the irreducible Brauer
character of NNI (Dj ) lying over ϕ such that
ν
NNG(D
j )
0 = ν,
then by [13, Lemma 3.1], ν0 belongs to a p-block β of NNI (Dj ) such that βNNG(Dj ) is
defined and
βNNG(D
j ) = B̂j .
Since ν is of height zero, it has vertex Dj . Therefore an N -conjugate of Dj , hence Dj ,
is a vertex for ν0. As βNNG(D
j ) = B̂j , it follows by [14, Lemma 5.3.3] that β has defect
group Dj . Now by [14, Theorem 5.3.8], βI is defined and has defect group Dj . Since β
covers b, the p-block βI covers b. Next, as
βNNG(D
j ) = B̂j and (B̂j )G = B,
we have that βG is defined and βG = B . Therefore (βI )G is defined and (βI )G = B . We
conclude then that βI is one of βj,1, . . . , βj,rj and so β is one of βˆj,1, . . . , βˆj,rj . Hence
ν0 ∈⋃rji=1 IBr(βˆj,i |ϕ). This shows that ι is surjective, as wanted. Thus ι is a bijection.
Since βj,1, . . . , βj,rj are distinct, the p-blocks βˆj,1, . . . , βˆj,rj are distinct. Therefore
∣∣IBr0(B̂j |ϕ)∣∣= rj∑
i=1
∣∣IBr(βˆj,i |ϕ)∣∣= |Aj |.
Next, as |IBr0(B̂j |ϕ)| = |IBr0(B̂|ϕj−1)|, we get |Aj | = |IBr0(B̂|ϕj−1)|, as needed to be
shown.
Next, we claim that IBr0(B̂|ϕj−1) ∩ IBr0(B̂|ϕj ′−1) = ∅ for distinct j , j ′ in J . So let j ,
j ′ ∈ J with j = j ′, and assume on the contrary that IBr0(B̂|ϕj−1) ∩ IBr0(B̂|ϕj ′−1) = ∅.
Then
ϕj
−1 = (ϕj ′−1)k for some k ∈ NG(D).
So, there is l ∈ I such that j = k−1j ′l. Now Dj = (Dj ′)l and this contradicts the choice
of the set J . Our claim is then valid.
By the choice of J , it is clear that {Aj : j ∈ J } is a partition of IBr0(B|ϕ). Then
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j∈J
|Aj | =
∑
j∈J
∣∣IBr0(B̂|ϕj−1)∣∣
=
∣∣∣∣⋃
j∈J
IBr0
(
B̂|ϕj−1)∣∣∣∣=
∣∣∣∣⋃
t∈T
IBr0
(
B̂|ϕt)∣∣∣∣.
This obviously proves the theorem in this case.
Case 2. Suppose IBr0(B|ϕ) = ∅. It clearly suffices to show that IBr0(B̂|ϕt ) = ∅, for every
t ∈ T . Assume on the contrary that IBr0(B̂|ϕt0) = ∅ for some t0 ∈ T . Then, in view of
[12, Theorem 4.4(ii)], ϕt0 is of height zero and an N -conjugate of D, hence D itself, is
contained in the inertial group of ϕt0 . Hence ϕ is of height zero and
Dt
−1
0 ⊆ I.
Since D is an inertial defect group for B , then so is Dt
−1
0
. But then by [12, Theorem 4.4(ii)],
IBr0(B|ϕ) = ∅, which contradicts our assumption that IBr0(B|ϕ) = ∅. This completes the
proof of the theorem. 
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